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AHHOTaii;Hii 

The notion of the geometrical Z/2©Z/2-control of self-intersection 
of a skew-framed immersion and the notion of the Z/2©Z/4-structure 
(the cyclic structure) on the self-intersection manifold of a D4-framed 
immersion are introduced. It is shown that a skew-framed immersion 

3n-\-q o 

/ : M^r- R", < q « n (in the ^ e-range) admits a 
geometrical Z/2 Z/2-control if the characteristic class of the skew- 
framing of this immersion admits a retraction of the order q, i.e. there 

3n + q 3(n — q) 

exists a mapping kq : M — > MP * , such that this composition 

3n + q 3(n — g) 

I o : M t ^MP 4 MP°° is the characteristic class of the 
skew-framing of /. Using the notion of Z/2 Z/2-control we prove 
that for a sufficiently great n, n = 2' — 2, an arbitrary immersed D4- 
framed manifold admits in the regular cobordism class (modulo odd 
torsion) an immersion with a Z/2 Z/4-structure. In the last section 
we present an approach toward the Kervaire Invariant One Problem. 



1 Self-intersection of immersions and Kervaire 
Invariant 

The Kervaire Invariant One Problem is an open problem in Algebraic 
topology, for algebraic approach see [B-J-M], [C-J-M]. We w'lW consider a 
geometrical approach; this approach is based on results by P.J.Eccles, see 
[El]. For a geometrical approach see also [C1],[C2]. 

Let / : M"~^ S-> M", n = 2' — 2, / > 1, be a smooth (generic) immersion 
of codimension 1. Let us denote by g : A^"^^ R-^ R" the immersion of self- 
intersection manifold. 



*This work was supported in part by the London Royal Society (1998-2000), RFBR 
08-01-00663, INTAS 05-1000008-7805. 
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Definition 1 

The Kervaire invariant of / is defined as 

n — 2 

e{f)=<w,- ;[iV«-2] >, 
where W2 — W2{N'^~'^) is the normal Stiefel- Whitney of A^' 



The Kervaire invariant is an invariant of the regular cobordism class 
of the immersion /. Moreover, the Kervaire invariant is a well-defined 
homomorphism 

e : 7mm'-^(n - 1, 1) ^ Z/2. (1) 

The normal bundle i'(g) of the immersion g : N'^~^ S-^ is a 2- 
dimensional bundle over A^""^ equipped with a D4-framing. The classifying 
mapping rj : iV"~^ — > ^(04, 1) of this bundle is well-defined. The D4- 
structure of the normal bundle or the D4-framing is the prescribed reduction 
of the structure group of the normal bundle of the immersion g to the group 
D4 corresponding to the mapping 77. The pair {g, rj) represents an element in 
the cobordism group I'mmP*{n — 2, 2). The homomorphism 

6 : Imm'^{n- 1,1) ^ Imm^^{n- 2,2) (2) 

is well-defined. 

Let us recall that the cobordism group Imm'^^ {n — k, k) generalizes the 
group Imm^^ {n — 1,1). This group is defined as the cobordism group of 
triples (/, S, k), where / : M'^~^ <H IR" is an immersion with the prescribed 
isomorphism S : u{g) = kn, called a skew-framing, y{f) is the normal bundle 
of /, K is the given line bundle over M"*"*^ with the characteristic class 
Wi{k) G H^{M™-^^; Z/2). The cobordism relation of triples is standard. 

The generalization of the group ImmP'^{n—2, 2) is following. Let us define 
the cobordism groups ImmP^{n-2k,2k). This group ImniP^{n — 2k, 2k) is 
represented by triples {g,E,r)), where g : N'^"'^^ q-*- is an immersion, S 
is a dihedral /s-framing, i.e. the prescribed isomorphism S : i/g = kr], where 
77 is a 2-dimensional bundle over jV""^*^. The characteristic mapping of the 
bundle rj is denoted also by rj : A^""2fe _^ i^(D4, 1). The mapping rj is the 
characteristic mapping for the bundle Ug, because Ug = kr]. 

Obviously, the Kervaire homomorphism (1) is defined as the composition 
of the homomorphism (2) with a homomorphism 

804 : /mm°*(n- 2,2) ^ Z/2. (3) 
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The homomorphism (3) is called the Kervaire invariant for D4-framed 
immersed manifolds. 

The Kervaire homomorphisms are defined in a more general situation by 
a straightforward generalization of the homomorphisms (1) and (3): 

e*^ : Imm'f (n -k,k)^ Z/2, (4a) 

: Imm^^{n - 2k, 2k) Z/2, (46) 

(for k = 1 the new homomorphism coincides with the homomorphism (3) 
defined above) and the following diagram 

Imm'^in- 1,1) Imm^*{n- 2,2) ^ Z/2 

iJ^ Uk II (5) 

Imm'f{n-k,k) ImmP^{n-2k,2k) -A Z/2 

is commutative. The homomorphism (JiOi) determined by the 
regular cobordism class of the restriction of the given immersion / (g) to 
the submanifold in M""-^ (A^^-^) dual to wi{k)''-^ G H''-\M''-^;Z/2) 
(w2(r/)'^-i G i/2fc-2(Ar"-2;Z/2)). 

Let (gf,S, ?]) be a D4-framed (generic) immersion in the codimension 2k. 
Let h : L""**^ S-> be the immersion of the self-intersection (double points) 
manifold of g. The normal bundle Vh of the immersion h is decomposed into 
a direct sum of k isomorphic copies of a 4-dimensional bundle ( with the 
structure group Z/2 /D4. This decomposition is given by the isomorphism 
"if : Uh = k(. The bundle itself is classified by the mapping ( : L""^*^ —>■ 
K(Z/2/D4,l). 

All the triples {h, C, ^) described above (we do not assume that a triple 
is realized as the double point manifold for a D4-framed immersion) up to 
the standard cobordism relation form the cobordism group Imm^/"^ ^'^'^{n — 
Ak,Ak). The self-intersection of an arbitrary D4-framed immersion is a 
Z/2 J D4-framed immersed manifold and the cobordism class of this manifold 
well-defines the natural homomorphism 

5^ : /mm°* {n - 2k, 2k) Jmm^/^ -I'^^n- Ak, Ak) . (6) 

The subgroup D4 © D4 C Z/2 / D4 of index 2 induces the double cover 
Jn-Ak _^ This double cover corresponds with the canonical double 

cover over the double point manifold. 

Let C, : L^'^^ — > ir(D4, 1) be the classifying mapping induced by the 
projection homomorphism D4 © D4 D4 to the first factor. Let C l/^-'^^ 
be the 2-dimensionaI D4-bimdle defined as the pull-back of the universal 
2-dimensional bundle with respect to the classifying mapping C,. 
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Definition 2 

The Kervaire invariant &z/2fr>4 ■ Imrr/'/'^ ^^-^{n - Ak,Ak) Z/2 for a 
Z/2/ D4-framed immersion (/i, ^, C) is defined by the following formula: 

This new invariant is a homomorphism ©^^2 / D4 • -^"^^^^^ ^ {f^-, ^ ~ 
ik) — > Z/2 included into the following commutative diagram: 

ImmP*(n-2k,2k) ^ Z/2 

i^k II (7) 

/mm^/2/°^(n- 4fc,4fc) ^^""^ Z/2. 

Let us formulate the first main results of the paper. In section 2 the 
notion of Z/2©Z/2-control (Ife-control) on self-intersection of a skew-framed 
immersion is considered. Theorem 1 (for the proof see section 3) shows that 
under a natural restriction of dimensions the property of I;,-control holds for 
an immersion in the regular cobordism class modulo odd torsion. 

In section 4 we formulate a notion of Z/2 © Z/4-structure (or an I4- 
structure, or a cyclic structure) of a D4-framed immersion. In section 5 we 
prove Theorem 2. We prove under a natural restriction of dimension that an 
arbitrary D j-framed I^-controlled immersion admits in the regular homotopy 
class an immersion with a cyclic structure. For such an immersion Kervaire 
invariant is expressed in terms of Z/2 © Z/4-characteristic numbers of the 
self-intersection manifold. The proof (based on the two theorems from [A2] 
(in Russian)) of the Kewrvaire Invariant One Problem is in section 6. 

The author is grateful to Prof. M.Mahowald (2005) and Prof. R.Cohen 
(2007) for discussions, to Prof. Peter Landweber for the help with the 
English translation, and to Prof. A.A.Voronov for the invitation to Minnesota 
University in (2005). 

This paper was started in 1998 at the Postnikov Seminar. This paper is 
dedicated to the memory of Prof. Yu.P.Soloviev. 

2 Geometric Control of self-intersection 
manifolds of skew-framed immersions 

In this and the remining sections of the paper by Imm^^ {n—k, k), Imm^'^{n— 
2k, 2k) , Imm^/^ ^^*{n-Ak, Ak) , etc. , we will denote not the cobordism groups 
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themselves, but the 2-components of these groups. In case the first argument 
(the dimension of the immersed manifold) is strictly positive, all the groups 
are finite 2-group. 

Let us recall that the dihedral group D4 is given by the representation 
(in terms of generators and relations) {a,b\a^ = 6^ = e, [a, 6] = a^}. This 
group is a subgroup of the group 0(2) of isometrics of the plane with the 
base {/i, that keeps the pair of lines generated by the vectors of the base. 
The element a corresponds to the rotation of the plane through the angle |. 
The element b corresponds to the refiection of the plane with the axis given 
by the vector /i + /2. 

Let Ib(Z/2 © Z/2) = I5 C D4 be the subgroup generated by the elements 
{a^,b}. This is an elementary 2-group of rank 2 with two generators. These 
are the transformations of the plane that preserve each line li, I2 generated 
by the vectors /i + /2, /i ^ /2 correspondingly. The cohomology group 
H^{K{lb, l);Z/2) is the elementary 2-group with two generators. The first 
(second) generator of this group detects the refiection of the line I2 (of the line 
li) correspondingly. The generators of the cohomology group will be denoted 
by Ti, T2 correspondingly. 

Definition 3 

We shall say that a skew- framed immersion (/, S) , / : IvP^^ ^ has 
self-intersection of type lb, if the double-points manifold iV"^^'^ of / is a D4- 
framed manifold that admits a reduction of the structure group D4 of the 
normal bundle to the subgroup I;, C D4. 



Let us formulate the following conjecture. 
Conjecture 

For an arbitrary q > q = 2{mod4:), there exists a positive integer Iq — 
loiq), such that for an arbitrary n — 2^ — 2, I > Iq an arbitrary element 
a e Imm^^ {^^^^^, ^^) is stably regular cobordant to a stably skew-framed 
immersion with Ib-type of self-intersection (for the definition of stable framing 
see [E2], of stable skew-framing see [Al]). 



Let us formulate and prove a weaker result toward the Conjecture. We 
start with the following definition. 
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Let u) -.1^/2 / D4 — > Z/2 be the epimorphism defined as the composition 
Z/2 /D4 C Z/2 /E4 ^ E4 ^ Z/2, where E4 Z/2 is the parity of a 
permutation. Let : Imm^^'^ ^^""{n - Ak,Ak) Imm^^'''^{n - Ak,Ak) be 
the transfer homomorphism with respect to the kernel of the epimorphism 

CO. 

Let P be a polyhedron with dim{P) < 2A; — 1, Q C P be a subpolyhedron 
with dim{Q) = dim{P) — 1, and let P C be an embedding. Let us denote 
hy Up the regular neighborhood of P C of the radius rp and by Uq the 
regular neighborhood of Q C of the radius rg, rg > rp. Let us denote 

UQ = Upnu'Q. 

The boundary dUp of the neighborhood Up is a codimension one 
submanifold in R". This manifold dUp is a union of the two manifolds with 
boundaries Vq Lig Vp, Vq — Uq H dUp, Vp — dUp \ Uq along the common 
boundary dVg = dVp. 

Let us assume that the two cohomology classes tqi G H^{Q;Z/2), 
tq,2 £ H^{Q;'Z/2) are given. The projection Uq ^ Q of the neighborhood 
on the central submanifold determines the cohomology classes tuq,i,tuq^2 £ 
H^{Uq]X/2) as the inverse images of the classes tq^i,tq^2 correspondingly. 

Let {gjEisf,!]), dim{N) = n — 2A; be a D4-framed generic immersion, 
n — 4A; > 0, and g^N"-'^^) fl dUp be an immersed submanifold in Uq C dUp. 
Let us denote ^(iV"-^^) \ (^(iV^-sfc) n {Up)) by N^^^^'', and the complement 
jyn-2k \^ pjn^-2k N^'t^'' . The mauifoMs N^-t^\ N^-"^^ are submanifolds 
in N"'~'^'^ of codimension with the common boundary, this boundary is 
denoted by Nq~'^^~^ . The self-intersection manifold of g is denoted by L"""^*^. 
By the dimensional reason {n — Ak = q « n) L^-'^^ is a submanifold in R", 
parameterized by an embedding /i, equipped by the Z/2 jD4-framing of the 
normal bundle denoted by (^', Q. The triple (/i, ^, C,) determines an element 
in the cobordism group Imm^/'^ ^^*{n — Ak, Ak). 

Definition 4 

We say that the D4-framed immersion g is an I^-controlled immersion if the 
following conditions hold: 

-1. The structure group of the D4-framing Sjy restricted to the 
submanifold (with boundary) g{N^xt^^) is reduced to the subgroup 1;, C D4 
and the cohomology classes ruQ,i,TuQ^2 G H^{Uq;Z/2) are mapped to the 
generators Ti,T2 G H^{Nq~^''~^;Z/2) of the cohomology of the structure 
group of this I^-framing by the immersion g\^«-2k-i : Nq~'^^'~^ S-^ 9{Uq) C 
Uq. 

2. The restriction of the immersion g to the submanifold Nq '^'^ ^ c. 
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N'^ ^'^ is an embedding g\j^n-2k-i : A^^^ ^ C OUq, and the decomposition 
^n-4fe ^ ^n-4fc ^ ^n-4fc ^ ^ ^ jj^^ ^j^^ self-intersection manifold 
of g into two (probably, non-connected) Z/2 jD4-framed components is 
well-defined. The manifold is a submanifold 'm Up and the triple 

, ^int, Cint) represents an element in Imm^^'^'^{n — Ak, Ak) in the image 
of the homomorphism u^ : Imn/'/'^ -^^^{n — Ak, Ak) Imm^'^^'^{n — Ak, Ak). 



Definition 5 

Let {f,EM,fi) e Imm^^{n — k,k) be an arbitrary element, where / : 
]\^n-k cj_> jjri immersion of codimension k with the characteristic class 

K e iJ^(Af""*=; Z/2) of the skew-framing Em- We say that the pair (M""'', k) 
admits a retraction of order g, if the mapping n : M^~^ KP°° is represented 
by the composition k = I o R : M""'^ Mpn-fe-g-i ^poo rj.^^ element 
[(/, Sm, k)] admits a retraction of order q, if in the cobordism class of this 
skew- framed immersion there exists a triple {M'"'~'',Em',k') that admits a 
retraction of order q. 



Theorem 1 

Let q = q{l) be a positive integer, q = 2{modA). Let us assume that an 
element a E Imm^^ {^^^^, ■^) admits a retraction of the order q and 3n — 
I2k - A > 0. Then the element 5{a) G ImmP*{n - 2k,2k), k = is 
represented by a D4-framed immersion [(gi, ^jv, ??)] with I(,-control. 



3 Proof of Theorem 1 

Let us denote n — k — q — l = 3k — Ihys. Let d : KP^ — > be a generic 

mapping. We denote the self-intersection points of d (in the target space) by 

A{d) and the singular points of d by T,{d). 

Let us recall a classification of singular points of generic mappings MP* — > 
in the case 4s < 3n, for details see [Sz]. In this range generic mappings 

have no quadruple points. The singular values (in the target space) are of 

the following two types: 

- a closed manifold S^'^'°; 
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- a singular manifold S^'° (with singularities of the type S^'^'°). 

The multiple points are of the multiplicities 2 and 3. The set of triple 
points form a manifold with boundary and with corners on the boundary. 
These "corner" singular points on the boimdary of the triple points manifold 
coincide with the manifold The regular part of boundary of triple 

points is a submanifold in S^'°. 

The double self-intersection points form a singular submanifold in 
with the boundary E^'°. This submanifold is not generic. After an arbitrary 
small alteration the double points manifold becomes a submanifold in R" 
with boundary and with corners on the boundary of the type S^'^'°. 

Let [/s be a small regular neighborhood of the radius Si of the singular 
submanifold E^'°. Let Ua be a small regular neighborhood of the same radius 
of the submanifold A{d) (this submanifold is immersed with singularities on 
the boundary). The inclusion Uy. C Ua is well-defined. 

Let us consider a regular submanifold in A obtained by excising a 
small regular neighborhood of the boundary. This immersed manifold with 
boundary will be denoted by A^^^. The (immersed) boundary dA^^^ will 
be denoted by S''^^. We will consider the pair of regular neighborhoods 
U^""^ C Ua'^ of the pair E'-^s C A'-^s of the radius £2, £2 « £i- 
Because 2dim{AJ'^^) < n, after a small perturbation the manifold A^^^ is 
a submanifold in . 

Let (/o, So, K,), fo : M'^~^ R", n—k = be a skew-framed immersion 
in the cobordism class a. We will construct an immersion / : M"~'^ S-^ R" in 
the regular homotopy class of /o by the following construction. 

Let Ko : M"-'^ W be a retraction of order Let / : M R" 
be an immersion in the regular homotopy class of /o under the condition 
dist{d o Kq, fo) < £3. The caliber S3 of the approximation is given by the 
following inequality: £3 << £2- 

Let gi : N^'"^^ R" be the immersion, parameterizing the double points 
of /. The immersion gi is not generic. After a small perturbation of the 
immersion gi with the caliber £3 we obtain a generic immersion g2 : A^'*~2fc cj^. 
R". 

The immersed submanifold g2{N'^~'^^) is divided into two submanifolds 
^2(A^rj''), 52(iVr.7'') with the common boundary g2{dN^-,^^) = g2{dN:-,'') 
denoted by ^2(A^q"^''~^). The manifold g2{N]'-'^^) is defined as the 
intersection of the immersed submanifold g2{N^~'^^) with the neighborhood 
U]^^ . The manifold g2{N'^xt^^) is defined as the intersection of the immersed 
submanifold g2{N'''^^) with the complement R" \ {U^^). We will assume 
that g2 is regular along dU^^ . Then g2{NQ~'^^) is an immersed submanifold 
in dU^^ . By construction the structure group D4 of the normal bundle of the 
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immersed manifold 92(^2^'^ ) admits a reduction to the subgroup I;, C D4. 

Let us denote by L""^*^ the self-intersection manifold of the immersion 
g2- This manifold is embedded into R"' by h : L'^~'^^ c M". The normal 
bundle of this embedding h is equipped with a Z/2 jD4-framing denoted 
by and the characteristic class of this framing is denoted by Cl- By the 
analogous construction the manifold W^'^^ is decomposed as the union of the 
two manifolds over a common boundary, denoted by A: L""^*^ = L^xt^'' Ua 
L'^nt^''- The manifold (with boundary) L^^t^^ embedded by h into C/^^^, the 
manifold L^^t^^ (with the same boundary) is embedded in the complement 
M"' \ U]^^ . The common boundary A is embedded into dU^^ . 

The manifold L"~^*^ is a Z/2 jD4-framed submanifold in W^. Let 
us describe the reduction of the structure group of this manifold to 
a corresponding subgroup in Z/2 /D4. We will describe the subgroups 
l2j(Z/2 © D4) C Z/2 J D4, j — X, y, z. We will describe the transformations 
of in the standard base (/i, /2, /a, A) determined by generators of the 
groups. 

Let us consider the subgroup l2^x- The generator (a generator will 
be equipped with the index corresponding to the subgroup) defines the 
transformation of the space by the following formula: Cx{fi) — /s, Cx{h) — fi, 

Cx{f2) = U, CxifA) = f2- 

For the generator ax (of the order 4) the transformation is the following: 
axifi) = /2, a^{f2) = -/i, a^ih) = fi, a^ifd = -/s- The generator (of 
order 2) defines the transformation of the space by the following formula: 
bxifi) = /2, bx{f2) = /i, ^^(/s) = /4, bxifi) = /s- From this formula the 
subgroup D4 C D4 © Z/2 is represented by transformations that preserve 
the subspaces (/i,/2), (/a, A)- The generator of the cyclic subgroup Z/2 C 
D4 © Z/2 permutes these planes. 

The subgroups l2,y and l2,x are conjugated by the automorphism OP : 
Z/2 / D4 Z/2 / D4 given in the standard base by the following formula: 
fi ^ fi, f2 ^ h, fs ^ f2, U ^ fd- Therefore the generator Cy G l2,y 
is determined by the following transformation: Cy{fi) = f2, Cy{f2) = /i, 
Cyifs) = fi, Cy{f4) = fs. The generator ay (of the order 4) is given by 
ayifi) = /a, ay{f3) = -/i, 0^(72) = fi, ayifi) = -/2- The generator by (of 
the order 2) is given by &y(/i) = /s, byi^f^) = fi, by{f2) = fi, by{fi) = /2. 

Let us describe the subgroup 12,2 • In this case the generator Cz defines 
the transformation of the space by the following formula: Cz{fi) = —fi, i — 
1,2,3,4. 

For the generator a^ (of order 4) the transformation is the following: 

azih) = /2, az{f2) = /s, a-zifs) = fi, a^ifi) = fi. The generator b^ (of the 
order 2) defines the transformation of the space by the following formula: 
bzifi) = f2, bz{f2) = fu bzifs) = fi, bzifi) = /a. 
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Obviously, the restriction of the epimorphism uj : 2,/2 /D4 — > Z/2 to 
the subgroups 'i.2,xi'^2,y C Z/2 /D4 is trivial and the restriction of this 
homomorphism to the subgroup l2,z is non-trivial. 

The subgroup I3 C I2.J: is defined as the subgroup with the generators 
Cx^hx^al.. This is an index 2 subgroup isomorphic to the group Z/2^. 
The image of this subgroup in Z/2 /D4 coincides with the intersection of 
arbitrary pair of subgroups l2,x^ l2,y, ^2,z- The subgroup I3 C l2,y is generated 
by Cy, by, tty. Moreover, one has Cy — bx, by = Cx, — a^. It is easy to check 
that the following relations hold: Cz = a^, al = Cx = by, b^ — bx — Cy. 
Therefore Ker{uj\i.^^z) coincides with the subgroup I3 C l2,z- 

The subgroups l2,x,^2,y,i2,z,^3 in ^/2 / D4 are well-defined. There is a 
natural projection tt;, : I3 — > I^. 

We will also consider the subgroup l2,xi ^/^ /■^4 from geometrical 
considerations. This subgroup is a quadratic extension of the subgroup l2,x 
such that l2,x = Keru!\i^^^ C i2,xi- algebraic definition of this group will 
not be required. 

In the following lemma we will describe the structure group of the framing 
of the triad (L^-^'^ Ua ^'t^''). The framings of the spaces of the triad will be 
denoted by U^^ U^ext, dnt ^Ca ^Cext)- 

Lemma 1 

There exists a generic regular deformation gi — > g2 of the caliber Se^ such that 
the immersed manifold g2{Next^^) admits a reduction of the structure group 
of the D4-framing to the subgroup C D4. The manifold L'^~i^'^ is divided 
into the disjoint union of the two manifolds (with boundaries) denoted by 

1. The structure group of the framing {'^i„.t,xi - ^a,;|) for the submanifold 
(with boundary) (L^nt^xi^ -^^l) i^ reduced to the subgroups (l2,ij, l2,z). (In 
particular, the 2-sheeted cover over L'^^t^xi^ classified by uo (denoted by 
^Int^x ~^ ^Int^xi) i^' generally speaking, a non-trivial cover.) 

2. The structure group of the framing {^int,y) ^a) for the submanifold 
(with boundary) (L^'^'^,Ay) is reduced to the subgroup (12,^,13). (In 
particular, the 2-sheeted cover L'^~tfy — > L'^nt^y classified by a;, is the trivial 
cover.) Moreover, the double covering L"~^'' over the component -^"J'^'^ is 

naturally diffeomorphic to L^~^'^ and this diffeomorphism agrees with the 
restriction of the automorphism OP : Z/2 /D4 ^ Z/2 J D4 on the subgroup 

12,1, OP {l2,x) = l2,j/- 

3. The structure group of the framing {'^ext, Cext) for the submanifold 
(with boundary) /^(L^-/^ A""^*^) C {W \ U2^,d{U2^)) is reduced to the 
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subgroup l2,2. (In particular, the 2-sheeted cover Li^xt' -^"a;/ classified 
by a;, is, generally speaking, a nontrivial cover.) 



Proof of Lemma 1 

Components of the self-intersection manifold gi{N^~'^^) \ {gi{N^~'^^) fl Uy) 
(this manifold is formed by double points x G gi{N'^~'^^) , x ^ f/^ with inverse 
images Xi,X2 G M'^~^) are classified by the following two types. 

Type 1. The points k{xi), k{x2) in MP* are £2-close. 

Type 2. The distances between the points k(,ti), k{x2) in MP'' are greater 
then the caliber £2 of the regular approximation. Points of this type belong 
to the regular neighborhood U^^ (of the radius ei). 

Let us classify components of the triple self-intersection manifold A3(/) 
of the immersion /. The a priori classification of components is the following. 

A point X G A3(/) has inverse images xi,X2,X3 in M"~'^. 

Type 1. The images /t(a;i), /t(x2), nix^) are e2-close in MP*. 

Type 2. The images k{xi),k{x2) are £:2-close in MP*' and the distance 
between the images n{xz) and n{xi) (or n{x2)) are greater than the caliber 
£2 of the approximation. 

Type 3. The pairwise distances between the points k{xi),k{x2).iK{xz) 
greater than the caliber 62 of the approximation. 

By a general position argument the component of the type 3 does not 
intersect (i(MP*). Therefore the immersion / can be deformed by a small 
£2-small regular homotopy inside the £3-regular neighborhood of the regular 
part of (i(MP*) such that after this regular homotopy A3(/) is contained in 
the complement of f/^^^. The codimension of the submanifold ^2{d) C MP* 
is equal to n — 3A; + 1 = q + k + 1 and greater then dim{^^{f)) = n — 3k. By 
analogical arguments the component of triple points of the type 1 is outside 

Let us classify components of the quadruple self-intersection manifold 
A4(/) of the immersion /. A point x G A4(/) has inverse images xi,X2, X3, X4 
in M"'~^. The a priori classification is the following. 

Type 1. The images k{xi),k{x2) are e2-close in MP* and the pairwise 
distances between the images k{xi) (or k(x2)), i^ix^) and n{xi)) are greater 
than the caliber £2 of the approximation. 

Type 2. The two pairs {k{xi), k-{x2)) and {^{xs), k{x4)) of the images are 
e2-close in MP* and the distance between the images k(,ti) (or k{x2)) and 
K,{x3) (or K,{x4)) are greater than the calibre £2 of the approximation. (The 
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described component is the complement of the regular £2 neighborhood of 
the triple points manifold of (i(]RP^).) 

Type 3. Images k{xi), k{x2) and k^x^) on MP'' are pairwise £2-close in HP* 
and the distance between the images k,{xi) (or k,{x2), or ^(xa)) and k{x4) is 
greater than the caliber 62 of the approximation. 

Type 4. All the images k.{xi), k.{x2), ^ix^) and K,{xi) are pairwise £2-close 
in HP^ 

Let us prove that there exists a generic / such that the components of 
the type 1 and the type 3 are empty. For the component of the type 3 the 
proof is analogous to the proof for the component of the type 1. 

Let us prove that there exists a generic deformation gi — > g2 with the 
caliber Se^ such that after this deformation in the neighborhood U^^ there 
are no self-intersection points of g2 obtained by a generic resolution of triple 
points of / of the types 1 and 2. Let us start with the proof for triple points 
of the type 1. 

For a generic small alteration of the immersion (72 inside U^^^ the points of 
the type 1 of the triple points manifold A3(/) are perturbed into a component 
of the self-intersection points on L"~^'^. This component is classified by the 
following two subtypes: 

- Subtype a. Preimages of a point are {x2,xi), {x2,x[). 

—Subtype b. Preimages of a point are {xi,x'i), {xi,X2). 

In the formula above the points with the common indeces have ^a-close 
projections on the corresponding sheet of d(HP*). The two points in a pair 
form a point on 7V"~^'^ and a couple of pairs forms a point on the component 
of L"-^^ 

Let us prove that there exists a 2e3-small regular deformation gi ^ g2, 
such that the component of h{L^~'^^) fl U^^^ of the subtype a is empty. Let 
K^~^ be the intersection manifold of f{M'^~^) with d(HP*) (this manifold is 
immersed into the regular part in MP*). By a general position argument, 
because 2s < n — 2k, a generic perturbation r — >^ r' of the immersion 
r : K^~'' Sh> MP* — > M" is an embedding. Therefore there exists a 2£2-small 
deformation of immersed manifold r{K'^^^) r'{K'^^'^) in W\ such that the 
regular £2-neighborhood of the submanifold r'{K^'~'^) has no self-intersection. 
The deformation of the immersed manifolds r{K^~^) —>■ r'{K^~^) is extended 
to the deformation of gi{N"'^'^^) in the regular neighborhoods of the 
constructed one-parameter family of immersed manifolds. After the described 
regular deformation the immersed manifold 5'2(-^"~^^) has no self-intersection 
components of the subtype a. The case of the self-intersection of the subtype 
b is analogous. 

Let us describe a generic deformation gi g2 with the support in U'^^ 
that resolves self-intersection corresponding to quadruple points of / of the 
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type 2. This deformation could be arbitrarily small. After this deformation 
the component A4(/) of the type 2 is resolved into two components of L""^'^ 
of different subtypes. These two components will be denoted by L^'^^ , Ly"'^^. 

The immersed submanifold g2{N'^^'^^) fl U]^^ is divided into two 
components. The first component is formed by pairs of points (x, x') with 
the 3£3-close images {n{x),n{x') on KP*'. This component is denoted by 
g^^^n-2ky ^j^g ig^g^ component of g2{N''-'^^) nU^^ is denoted by g2{N^-^^). 
This component is formed by pairs of points (x, x') with the projections 
k,(,t')) on different sheets of MP*. 

The component L'^^'^^ is defined by pairs (xi, x[), {x2, x'2). The component 
^n-4fe jg defined by pairs {xi,X2), {x[,X2). A common index of points in the 
pair means that the images of the points are £3-close on MP*. Each pair 
determines a point on 7V"~^'^ with the same image of g^- It is easy to see that 
the component L'^'^'^^ is the self-intersection oi g2{N'^~'^^) and the component 
in-Ak jg self-intersection of g2{Ny''^^). 

It is easy to see that the structure groups of the components agree with 
the corresponding subgroup described in the lemma. The component L''^'^^^ 
admits a reduction of the structure group to the subgroup 12,3;; C Z/2 /D4. 
The component L^"^'^ admits a reduction of the structure group to the 
subgroup l2,y Moreover, it is easy to see that the covering L'^'^^^ over 
L^.^*^ induced by the epimorphism uj : Z/2 / D4 Z/2 with the kernel 
^2,x C Z/2 /D4 is naturally diffeomorphic to L"^'^'^. Also it is easy to see 
that this diffeomorphism agrees with the transformation OP of the structure 
groups of the framing over the components. 

The last component of L""^*^ is immersed in the £2-neighborhood of 
(i(MP*) outside of and will be denoted by L"~^^. The structure group of 
the framing of this component is 12,2. Lemma 1 is proved. 

The last part of the proof of the Theorem 1 

Let us construct a pair of polyhedra (P', Q') C M*^, dim{P') = 2s — n = 
n - 2k - q - 2, dim{Q') = dim{P') - 1. Obviously, dim{P') < 2k - 1. 
Take a generic mapping d' : MP* — > M". Let us consider the submanifold 
with boundary (A""*^^, SA'^*^^) C M" (see the denotation in Lemma 1). Let 
r]A'rea : (A"'^^ aA'^^f ) ^ (/^(D4, l),K{It„ 1)) be the classifying mapping for 
the double point self-intersection manifold of d. 

By a standard argument we may modify the mapping d into d' such that 
the mapping r^A^^s is a homotopy equivalence of pairs up to the dimension 
q + 1. After this modification d' ^ d we define (P, Q) = (A'^^^ 9A'^^») c M" 
and the mapping rjAreg is a (g' -|- l)-homotopy equivalence. 
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The subpolyhedron Q is equipped with two cohomology classes 
i^Q,iii^Q,2 G H^{Q'^'L/2). Because E is a submanifold in HP*, the restriction 
of the characteristic class n E H^{W^- Z/2) to /f^(E;Z/2) is well-defined. 
The inclusion zq : Q C Us determines the cohomology class {iQ)*{i^) € 
i7^(Q;Z/2). The cohomology class Kq^i is defined as the characteristic class 
of the canonical double points covering over S. The class 2 is defined by 
the formula kq^2 = (^q)*(«) + f^Q,i- 

The immersed manifold (with boundary) {N"'~'^'^ nUs) Uy. is equipped 
with an It-framing. Obviously the classes kq,i,kq,2 G H^{Uy.;'Z/2) — 
H\Q;Z/2) restricted to H^{g2{N'^-t^^)-'L/2) ( recall that ^2(iV"a.7^ ) = 
g2{N'^~^'') n (M" \ U^)) agree with the two generated cohomology classes 
Pi, P2 of the I^-framing correspondingly. 

Let us define the immersion g : N^~^'^ ^ with I{,-control over (P, Q) . 
Let us start with the immersion g2 : A^"~2fc j^n constructed in the lemma. 
By a 2£2^small generic regular deformation we may deform the immersion g2 
into (?3, such that this deformation pushes the component g2{N^~^'') out of 
U'^'^ . Therefore the component -^"j"^'^ C L""^'^ of the self-intersection of g2 is 
also deformed out of . 

The immersed manifold (with boundary) gz{N'^~'^^) D (M" \ U^r^^) is 
equipped with an I^-framing of the normal bundle. Obviously, the classes 
«;q,i,«q,2 e H\Us-Z/2) = H\Q;Z/2), restricted to H\g2{N"-^'') D 
Ua;Z/2), agree with the two generated cohomological classes of the I;,- 
framing. The immersed manifold g2,{N'^~'^*') fl C/^^^ coincides with g2{Ny~'^^) 
and has the general structure group of the framing. This immersed manifold 
has the self-intersection manifold (with boimdary) /?.(L"~''^) fl U]^^ with the 
reduction of the structure group to the pair of the subgroups (12,^,13). 

Let us prove that the immersed manifold (with boundary) /i(L"~*^^) n 
U^^^ is Z/2 J'D4-framed cobordant (relative to the boundary) to a Z/2 /D4- 
framed manifold decomposed into the disjoint union of a closed Z/2 / D4- 
framed manifold that is the image of the transfer homomorphism w and a 
relative la-framed manifold. 

Take a Z/2 / D4-framed manifold (L"-^*^,^,C) that is defined as 
the image of Z/2 / D4-framed manifold (L"-^'^, C) by the transfer 
homomorphism (a double covering) with respect to the cohomology class 
uj e H\Z/2 J D4; z/2). Recall that the manifold is obtained by gluing 

the manifold L'^~'^^ U Ly~'^^ with the manifold L^-^^ along the common 
boundary A"~^*^~^. Note that the group of the framing of the last manifold 
^n-4fe-i ^Yie subgroup I3 C Z/2 /D4. 

Let OPa be the Z/2 jD4-framed immersion obtained from an arbitrary 
Z/2 J D4-framed immersion a by changing the structure group of the framing 
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by the transformation OP. The Z/2 jD4-framed manifold (with boundary) 
{Ly^"^^ ,'^y,(y) coincides with the two disjoint copies of Z/2 J D4-framed 
manifold (with boundary) OP{Ly''^'','i/y,Cy). 

Let us put CKi = — OP(L"'~^'^, C)- Let us define the sequence of 
Z/2 jD4-framed immersions a2 — —20Pai, — —20Pa2, Oij — 
-20Paj_i. 

Obviously, the D/4 / Z/2-framed immersion ai + a2 = ai + 20Pai^ is 
represented by 3 copies of the manifold U^-^^, The second and the third 
copies are obtained from the first copy by the mirror image and the changing 
of structure group of the framing. The manifold —OP\L'^~^^\ U 2[L"~'^'^] 
contains, in particular, a copy of —OP[L'^^^^] inside the first component and 
the union [Ly'^'^ULy^'^^] of the mirror two copies of —OP[L'^^^^] in the second 
and the third component. Therefore the manifold —OP[L"'~'^^] U 2[L'^~^'^] 
is Z/2 J D4-framed cobordant to a Z/2 J D4-framed manifold, obtained by 
gluing the union of a copy of —OP[L'^~^^] and 4 copies of Ly"^'' by a la- 
framing manifold along the boundary. This cobordism is relative with respect 
to the submanifold -OP[Z!^-'^'=] U 2[U^-^''] C -0P[L"-4^] U 2L"-^^ 

By an analogous argument it is easy to prove that the element K = 
^jLi ctj is Z/2 J D4-framed cobordant to the manifold obtained by gluing 

the union -OP[L^-^''] U 2^(-0P)^-1[L;;-^^] by an Is-manifold along the 
boundary. Moreover, this cobordism is relative with respect to all copies of 
^n-4fe ^T^iii^ various orientations). If jo is great enough, the manifold (with la- 
framed boundary) 2-' (— OP)-'°~^[L^~^*^] is cobordant relative to the boundary 
to an Is-framed manifold. 

Therefore the manifold Ly~'^^ is Z/2 J D4-framed cobordant relative to 
the boundary to the union of an la-framed manifold with the same boundary 
and a closed manifold that is the double cover with respect to u over a 
Z/2 jD4-framed manifold. This cobordism is realized as a cobordism of the 
self-intersection of a D4-framed immersion with support inside . This 
cobordism joins the immersion with a D4-framed immersion (74. After an 
additional deformation of inside a larger neighborhood of A''^^ the relative 
Ife-submanifold of the self-intersection manifold of 5^4 is deformed outside of 
U^^ . The D4-framed immersion obtained as the result of this cobordism 
admits an I^-control. The Theorem 1 is proved. 
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4 An 14-structure (a cyclic structure) of a D4- 
framed immersion 



Let us describe the subgroup I4 C Z/2 /D4. This subgroup is isomorphic 
to the group Z/2 © Z/4. Let us recall that the group Z/2 /D4 is the 
transformation group of that permutes the 4-tuple of the coordinate 
lines and two planes (/i, /2), (/s, /a) spanned by the vectors of the standard 
base (/i, /2, /s, /4) (the planes can remin fixed or be permuted by a 
transformation) . 

Let us denote the generators of Z/2 © Z/4 by I, r correspondingly. Let 
us describe the transformations of given by each generator. Consider a 
new base (61,62,63,64), given by ei = /i + /2, 62 = /i - /2, 63 = /s + /4, 
64 = /3 — /4. The generator r of order 4 is represented by the rotation in the 
plane (e2, 64) through the angle | and the reflection in the plane (ei, 63) with 
respect to the line 61 + 63. The generator I of order 2 is represented by the 
central symmetry in the plane (61,63). 

Obviously, the described representation of I4 admits invariant (1,1,2)- 
dimensional subspaces. We will denote subspaces by Ai, A2,t. 

The lines Ai,A2 are generated by the vectors 61 + 63, ei — 63 
correspondingly. The subspace r is generated by the vectors 62,64. The 
generator r acts by the reflection in A2 and by the rotation in r throught 
the angle ^. The generator / acts by reflections in the subspaces Ai, A2. 

In particular, if the structure group Z/2 J D4 of a 4-dimensional bundle 
C : E{() — > L admits a reduction to the subgroup I4, then the bundle 
is decomposed into the direct sum C = Ai © A2 © r of 1, 1, 2-dimensional 
subbundles. 

Definition 6 

Let {g : N"^-"^^ W'. 'B.jsi^rj) be an arbitrary Di-framed immersion. We 
shall say that this immersion is an I;,-immersion (or a cyclic immersion), if 
the structure group Z/2 /D4 of the normal bundle over the double points 
manifold L"~^'^ of this immersion admits a reduction to the subgroup I4 C 
Z/2 J D4. In this deflnition we assume that the pairs (/i, /2), (/3, fi) are the 
vectors of the framing for the two sheets of the self-intersection manifold at 
a point in the double point manifold L"~*'^. 



In particular, for a cyclic Z/2 J D4-framed immersion there exists the 
mappings Ka : L"-^'^ ^ X(Z/2, 1), /i„ : L"-^'^ ^ K(Z/4, 1) such that 
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the characteristic mapping C : ^""^^ ^ K{Z/2 /D/4, 1) of the Z/2 /D4- 
framing of the normal bundle over L^-^^ is reduced to a mapping with the 
target 1) such that the following equation holds: 

where i : Z/2 © Z/4 I4 is the prescribed isomorphism. 

The following Proposition is proved by a straightforward calculation. 

Proposition 2 

Let {g, ^Af, r]) be a D4-framed immersion, that is a cyclic immersion. Then 
the Kervaire invariant, appearing as the top line of the diagram (7), can be 
calculated by following formula: 

e„=<«„^ K(t)^K(p);[L] >, (8) 
where r e H^{Z/4:;Z/2), p e //^(Z/4;Z/2) are the generators. 

Proof of Proposition 2 

Let us consider the subgroup of index 2, lb C I4. This subgroup is the 
kernel of the epimorphism %' : I4 — > Z/2, that is the restriction of the 
characteristic class x '■ / D4 — > Z/2 of the canonical double cover L ^ L 
to the subgroup I4 C Z/2 /D4. Obviously, the characteristic number (8) is 
calculated by the formula 

n— 4fc n— 4fc _ 

e„ ' Pa ' -,1 >, (9) 

where the characteristic class ka G H^{L; Z/2) is induced from the class Ka G 
H^{L;Z/2) by the canonical cover L ^ L, and the class pa € H^{L;Z/2) is 
obtained by the transfer of the class p e H^{L; Z/4). 

Note that ka — ^i, Pa — ^2, where Ti, T2 are the two generating I^- 
characteristic classes. Therefore kaPa = ^1^2 = ^2(1]), where rj is the two- 
dimensional bundle that determines the D4-framing (over the submanifold 
£^n-4k ^ j^n-2k ^j^jg framing admits a reduction to an I^-framing) of the 
normal bundle for the immersion g of A^"~2fc -^^^^ j^n 

Therefore the characteristic number, given by the formula (8) in the case 
when the Z/2 J D4 framing over L^^'^^ is reduced to an 14-framing, coincides 
with the characteristic number, given by the formula (9). Proposition 2 is 
proved. 
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Definition 7 

We shall say that a D4-framed immersion {g,EN,ri) admits a 14-structure 
(a cyclic structure), if for the double points manifold L"^^'^ of g there exist 
mappings : L"-^'= ^ K{Z/2,1), fXa ■ L""'^^ K{Z/A,1) such that the 
characteristic number (8) coincides with Kervaire invariant, see Definition 2. 



Theorem 2 

Let {g^^^Tj) be a D4-framed immersion, g : N^-"^^ M"^ that represents a 
regular cobordism class in the image of the homomorphism 5 : Imrrf^{n — 
k, k) ImmP''{n - 2k, 2k), n - Ak ^ 62, n ^ 2^ - 2, I > 13, and assume the 
conditions of the Theorem 1 hold, i.e. the residue class 5~^{Imm^^ {n — k, k) 
(this class is defined modulo odd torsion) contains a skew-framed immersion 
that admits a retraction of order 62. 

Then in the D4-framed cobordism class [{g,'i/,r))] = S[{f,E,K,)] e 
ImmP*{n — 2k, 2k) there exists a D4-framed immersion that admits an 14- 
structure (a cyclic structure). 



5 Proof of Theorem 2 

Let us formulate the Geometrical Control Principle for Ift-controlled 
immersions. 

Let us take an Ife-controlled immersion (see Definition 4) 
{g,EN,ri; (P, Q), kq,i, kq,2), where g : N R"' is a D4-framed immersion, 
equipped with a control mapping over a polyhedron ip : P C M", 
dim{P) = 2k — 1; Q (Z P dim{Q) = dim{P) — 1. The characteristic 
classes kq^i G H^{Q;'L/2), i — 1,2 coincide with characteristic classes 
K'i,NQ e Nq~'^''~^ by means of the mapping dN^^'^'' = Nq''^'' Q, where 

Proposition 3. Geometrical Control Principle for Ib-controlled 
immersions 

Let jp : P C. be an arbitrary embedding; such an embedding is unique 
up to isotopy by a dimensional reason, because 2dim{P) + 1 = ik — 1 < n. 
Let gi : A^^-^fe _^ j^n arbitrary mapping, such that the restriction 

fi|jVi„t : {Nint^^^^o''^^'^) {Up,dUp) is an immersion (the restriction 
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g\jyr^-2k-i is an embedding) that corresponds to the immersion g\^n-2k : 

{^int^^^^Q~'^^~^) {Up,dUp) by means of the standard diffeomorphism 
of the regular neighborhoods Uip — Ujp of subpolyhedra i{P) and j(P). (For 
a dimension reason there is a standard diffeomorphism of Uip and Ujp up to 
an isotopy.) 

Then for an arbitrary e > there exists an immersion ■ iV"~^*^ S-> M" 
such that distco{gi, ge) < s and such that g^ is regular homotopy to an 
immersion g and the restrictions gs\j^n-2k and gi\j^n-2k coincide. 



We start the proof of Theorem 2 with the following construction. Let 
us consider the manifold Z — S'^'^^^/i x ]RP2+^^. This manifold is the direct 
product of the standard lens space (modi) and the projective space. The cover 
Pz '■ Z ^ Z over this manifold with the covering space Z = HP 2+^"' x MP 2 
is well-defined. 

Let us consider in the manifold Z a family of submanifolds Xi, i — 
0, . . . , of the codimension defined by the formulas Xq = S'2+^^/i x 

HP63, = 5t+32/z X MP95,..., Xj = 5t-320-2)-Vz X W^^(^+^^~K . . . , 

Xn+2 = S^'^/i X MP2+^^. The embedding of the corresponding manifold in Z 
is defined by the Cartesian product of the two standard embeddings. 

The union of the submanifolds {X^} is a stratified submanifold (with 
singularities) X G Z of the dimension | + 127, the codimension of maximal 
singular strata in X is equal to 64. The covering px '■ X ^ X , induced 
from the covering pz '■ Z Z by the inclusion X C is well-defined. 
The covering space X is a stratified manifold (with singularities) and 
decomposes into the union of the submanifolds Xq = IPt+e^xlpes^ ...,Xj = 
^t-320-2) ^ ^320+2)-i Xn+2 = HP63 ^ lpt+64. g^^j^ manifold Xi of 

64 

the family is the 2-sheeted covering space over the manifold X^ over the first 
coordinate. Let us define di{j) = f - 32(j - 2), d2{j) = S2{j + 2) - 1. Then 
the formula for X^ is the following: X^ = MP^i(j) x MP'^^O)^ 

The cohomology classes px,i e H\X;Z/A), kx,2 e H^{X]Z/2) 
are well-defined. These classes are induced from the generators of the 
groups H^{Z;Z/4:), if^(Z;Z/2). Analogously, the cohomology classes k^^ ■ e 

i?^(X;Z/4), i — 1,2 are well-defined. The cohomology class k.-^ ^ is induced 
from the class px,i G H^{X;'E/A) my means of the transfer homomorphim, 
and = {Px)*{fix,2)- 

Let us define for an arbitrary j = 0, . . . , (^^) the space Jj and the 
mapping ipj : Xj — > Jj. We denote by Yi{k) the space S^^/i * • • • * S^^/i of 
the join of k copies, k = 1, . . . , (^^ + 1), of the standard lens space S^^/i. 
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Let us denote by Y2{k), k = 2,..., {'-^ + 2), Y2{k) = MP^i * • • • * MP^i the 
joins of the k copies of the standard projective space MP^^. Let us define 
Jj = Yi(^ - j + 2)) X Y2U + 2) g = Y^{^ + 2) x Y2{^ + 2). For a given 
j the natural inchisions Jj C Q are well-defined. Let us denote the union of 
the considered inclusions by J. 

The mapping ipj : Xj — > Jj is well-defined as the Cartesian product of 
the two following mappings. On the first coordinate the mapping is defined 
as the composition of the standard 2-sheeted covering HP^i^-'^ — > S^~^^^^~^yi 
and the natural projection S'^'^^^^i Yi{di{j)). On the second coordinate 
the mapping is defined by the natural projection MP'^^O) ^ Y2{j + 1) . 

The family of mappings (fj determines the mapping (/? : X — > J, because 
the restrictions of any two mappings to the common subspace in the origin 
coincide. 

For n-|-2 > 2^^ the space J embeddable into the Euclidean n-space by an 
embedding ij : J C. M". Each space Yi{k), Y2{k) in the family is embeddable 
into the Euclidean {2^k — 1 — /c)-space. Therefore for an arbitrary j the space 
Jj is embaddable into the Euclidean space of dimension n + 126 — In 
particular, if n -|- 2 > 2^^ the space Jj is embeddable into R". The image 
of an arbitrary intersection of the two embeddings in the family belongs to 
the standard coordinate subspace. Therefore the required embedding ij is 
defined by the gluing of embeddings in the family. 

Let us describe the mapping h : X ^ IR". By e we denote the radius of 
a (stratified) regular neighborhood of the subpolyhedron ij{J) C IR". Let us 
consider a small positive Si, ei << e, (this constant will be defined below in 
the proof of Lemma 4) and let us consider a generic PL Si-deformation of 
the mapping ij o ip : X ^ J (z . The result of the deformation is denoted 
hyh:X^W. 

Let us define the positive integer k from the equation n — 4A; = 62. In the 
prescribed regular homotopy class of an Ife-controlled immersion / : iV"~^^ 
MJ^ we will construct another I(,-controlled immersion g : 7V"-2fc j^n ^j^^^^ 
admits a Ift-structure. 

Let the immersion / be controlled over the embedded subpolyhedron 
■0P : P C R". Let ipQ : Q ^ X he a generic mapping such that KQ^i — 
ipQ o i — 1,2. By the previous definition the manifolds -/Vj"7^^, N^xt^^ 
with the common boundary Ar^"^*^"\ A^'^'^*^ = N^'t'^'' U^„-2fc-i N^'t^^ are 
well-defined. 

Let T] : N'^xt^'^ ~^ -^(Ifo) 1) C i^(D4, 1) be the characteristic mapping 
of the framing Sat, restricted to N^'i^^ C N'^-'^^ . The restriction of this 
mapping to the boundary dN^^^'^ — Nq~^'^~^ is given by the composition 
dN^-^''-^ ^ Q ^ i^(l6, 1) C X(D4,1). The target space for the mapping 
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T] is the subspace K{lb, 1) C i^(D4, 1). This mapping is determined by the 
cohomology classes Kprn^2k E H^{N^^'^'^,Q;'Z/2), s — 1,2. 

ext ' 

Let us define the mapping A : N'^^t^^ by the following conditions. 

This mapping transforms the cohomology classes into the classes 

Ki e H^{N2^'^'^;'E/2) and also the restriction A|^n-2fc-i coincides with the 

composition of the projection Nq'^'^"^ — > Q and the mapping ipQ '■ Q ^ ^ ■ 
The boundary conditions for the mapping ipg are , = i/^'q o k,^ i — 2. 

The submanifold with singularities X C Z contains the skeleton of the space 
Z of the dimension | + 62. Because n — 2k = | + 31, the mapping A is 
well-defined. 

Let us denote the composition h o X : N^^t^^ — > A" — > M" by g^i. Let 
us denote the mapping h o ipQ : Q — > X — > by </?q. One can assume 
that the mapping LpQ is an embedding. Moreover, without loss of generality 
one may assume that this embedding is extended to a generic embedding 
(fip : P C such that the embedded polyhedron ipp : P G MJ^ does not 
intersect giiK't^''). 

Let us denote by U^{P) a regular neighborhood of the subpolyhedron 
<^p{P) C (we may assume that the radius of this neighborhood is equal 
to e). Up to an isotopy a regular neighborhood U^{P) is well-defined, in 
particular, this neighborhood does not depend on the choice of a regular 
embedding of P, moreover U^{P) and U{P) are diffeomorphic. 

Without loss of generality after an additional small deformation we may 
assume that the restriction gi\j^n~2k is a regular immersion gi : A^JlT^*^ C 

int 

MJ^ with the image inside U^{P). In particular, the restriction of gi to the 
boundary N^'^^''^ = d{NJ!-^'') is a regular embedding N^'^''-^ C dU{P). 
The immersion gi\Nint conjugated to the immersion f\Nint by means of a 
diffeomorphism of U^{P) with U{P). 

By Proposition 3, for an arbitrary £2 > 0, £2 << << ^, there exists an 
immersion g : iV"^^^ S-^ in the regular homotopy class of /, such that g 
coincides with g' (and with gi) on N^^"^^ and, moreover, dist{g,gi) < 62. 

Let us consider the self-intersection manifold L"""^^ of the immersion g. 
This manifold is a submanifold in IR". Let us construct the mappings : 
in-Ak _^ K{Z/2, !),//„: L"-^'^ K{Z/4., 1). Then we check the conditions 
(8) and (9). 

The manifold U^^'^'^ is naturally divided into two components. The first 
component L'l^i^^ is inside U^p{P). The last component (we will denote 
this component again by L""^'^) consists of the last self-intersection points. 
This component is outside the ^-neighborhood of the submanifold with 
singularities h{X). The mappings over L^~i^^ are defined as the trivial 
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mappings. Let us define the mappings Ka, Ha on L" . 

Let us consider the mapping (f : X ^ J and the singular set (polyhedron) 
E of this mapping. This is the subpolyhedron E C {X^^^ ^XxX \ A^/T'}, 
where T' : X^2) X^'^^- is the involution of coordinates in the delated 
product X^"^^ of the space X. The subpolyhedron (it is convenient to view 
this polyhedron as a manifold with singularities) E is naturally decomposed 
into the union of the subpolyhedra E(j), j = 0, . . . , j^. The subpolyhedron 
E(j) is the singular set of the mapping cp{j) : W^^^> x IP'^^O) _^ S^^^^^^i x 
]gp<i2(j) _^ j_. 'pj^jg subpolyhedron consists of the singular points of the 
mapping cp in the inverse image {(p)~^{Jj) — MP'^i^-') x KP'^^O) of the subspace 
Jj C J. 

Let us consider the subspace E''^^ C E, consisting of points on strata of 
length (regular strata) and of length 1 (singular strata of the codimension 
32) after the regular £2 -neighborhoods {s2 << £1) of the diagonal A*"^ and 
the antidiagonal A""**'^*"^ of T.'''^^ are cut out. 

The manifold with singularities E''^^ admits a natural compactification 
(closure) in the neighborhood of A''*"^ and A""*'*"^; the result of the 
compactification will be denoted by Kreg- 

The space RK, called the space of resolution of singularities, equipped 
with the natural projection RK K,,.cg is defined by the analogous 
construction; see the short English translation of [Al], Lemma 7. The 
cohomology classes Prk,i G {RK ; Z / 4) , Krk,2 G H^{RK;Z/2) are 
well-defined. The cohomology classes KKreg,i ^ H^{RK;'Z/2), krk,i £ 
H^{RK;'Z/2) are the images of the class n-^^i G if^(E;Z/2) with respect to 
the inclusion K„g C E and the projection RK Kreg- The class classifies 
the transposition of the two non-ordered preimages of a point in the singular 
set. 

Let us consider the restrictions of the classes KKreg,!^ i^rk,i, i^i:,! to 
neighborhoods of the diagonal and the antidiagonal. The natural projection 
^diag ^ X is well-defined. The restrictions of the classes pi and k,2 to 
neighborhoods of the diagonal coincide with the restrictions of the classes 
Px 1 ^ H^{X;Z/4:), ^ H^{X;Z/2). (These classes Pxi,i<-X2 

extended to neighborhoods of the diagonal). 

Let us recall that the mapping /i : X — > is defined as the result 
of an £i-small regular deformation of the mapping X ^ X — ^ R". 
The singular set of the mapping h will be denoted by E^. This is a 128- 
dimensional polyhedron, or a manifold with singularities in the codimensions 
32, 64, 96, 128. Moreover, the inclusion E^ C X^'^^ is well-defined. The image 
of this inclusion is in the regular £i-small neighborhood of the singular 
polyhedron E C X^'^\ 
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Let us denote by S^^^ the part of the singular set after cutting out the 
regular £i-neighborhood of the points in singular strata of length at least 2 (of 
the codimension 64) and self-intersection points of all singular strata (these 
strata are also of the codimension 64). The boundary is a submanifold 
with singularities in X and therefore, by a general position argument, we 
may also assume that the boundary dYl^^^ is a regular submanifold with 

singularities in X. 

Additionally, by general position arguments, the intersection of the 
image Im{\{N'^~^^)) inside the singular set (this is a polyhedron of 
the dimension 62) on X are outside (with respect to the caliber e) of the 
projection of the singular submanifold with singularities (this singular part 
is of the codimension 64) in the complement of the regular submanifold with 
singularities E^^^ C E^. Therefore the image Im{\{N'^-^'^^)) is inside the 
regular part E^^^ C E^^. 

Let us denote by L^^^ C L^^ the submanifold (with boundary) given by 
the formula L^^^^ = L^^ fl U^reg. The mappings k^, are extendable from 
UY,reg to L^y^i C L^^ . Lct US provc that these mappings are extendable to 
mappings Ka : L^^ ^ K{Z/2, 1), Pa : ^ K{Z/A, 1). 

The complement of the submanifold L^y^ C L^^ is denoted by Lj^ = L^^ \ 
L^^i. The submanifold Lf^ is a submanifold in the regular ^-neighborhood 
of h{X) C W^. Obviously, the structure group of the Z/2 J D4-framing of 
the normal bundle of the manifold (with boundary) Lj^ is reduced to the 
subgroup I3 C Z/2 J D4. 

Let us consider the mapping of pairs Pa ^ i^a '■ {L^^a-i ^-^cyci) ~^ 
{K{Z/4:, 1) X K{Z/2, 1), K{Z/2, 1) x K{Z/2, 1)). Let us consider the natural 
projection ttj, : I3 — > I;,. The extension of the mapping Ha x i^a to the 
required mapping L^^ — K{Z/4:, 1) x K{Z/2, 1) is given by the composition 

L\l K{h, 1) ^ K{Ib,l) C fs:(Z/4,l)xir(Z/2,l), where ki e K{lb;Z/2) 
determines the inclusion K{lb, 1) C K{Z/2, 1) C K{Z/4:, 1). 
Let us formulate the results in the following lemma. 

Lemma 4 

-1. Let n > 2^^ — 2 and A;, n — 4A; = 62 satisfy the conditions of Theorem 
1 (in particular, an arbitrary element in the group Imm^^ [n — k,k) admits 
a retraction of the order 62. Then for arbitrarily small positive numbers ei, 
62, ei » €2 (the numbers ei, £2 are the calibers of the regular deformations 
in the construction of the PL-mapping h : X ^ R."' and of the immersion 
g : 7V"-2fc correspondingly) there exists the mapping nia — {Ka x //„) : 

S^es _^ K{Z/A, 1) X K{Z/2, 1) under the following condition. The restriction 
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'^aUs'''^'' (by dT,^i^^ is denoted the part of the singular polyhedron consisting of 
points'' on the diagonal) has the target K{Z/2, 1) x K{Z/2, 1) C K{Z/4:, 1) x 
K{'Z/2, 1) and is determined by the cohomological classes «xi''^x2- 

-2. The mappings Ka, fia induces a mapping (fiaXi^a) '■ -^(^/4, 1) x 

K{Z/2, 1) on the self-intersection manifold of the immersion g. 



Let us prove that the mapping x K-a) constructed in Lemma 4 
determines a Z/2 © Z/4-structure for the D4-framed immersion g. We have 
to prove the equation (9). 

Let us recall that the component L^^^ of the self-intersection manifold 
of the immersion is a Z/2 J" D4-framed manifold with trivial Kervaire 
invariant: the corresponding element in the group Jmm^/^ (62, n — 62) 
is in the image of the transfer homomorphism. Therefore it is sufficient to 
prove the equation 

<m:(pr^V^);[L«^] 6, 
or, equivalently, the equation 

<ipff^fyAL'']>=e, (10) 

where L — > L is the canonical cover over the self-intersection manifold, L C 
N^xt^^ is the canonical inclusion. 

By Herbert's theorem (see [Al] for the analogous construction) we may 
calculate the right side of the equation by the formula 

<v*{.w,{h)y-^-[N:-,''/^\>. (11) 

In this formula by N^xt^'^ / ~ is denoted the quotient of the boundary 
^^ext^^ = Nq^'^''~^ that is contracted onto the polyhedron Q with the loss 
of the dimension. Note that the mapping ma|^n-2fc-i is obtained by the 

composition of the mapping pg : 7V"-2fe-i _> Q with a loss of dimension 
with the mapping Q — > 7^(1;,, 1), the last mapping is determined by the 
cohomology classes Ki^Q G H^{Q;Z/2), i = 1,2. Therefore, ma*{\N'^~^^^ / ~ 
]) e if„_2fc(Ib; Z/2) is a permanent cycle and the integration over the cycle 
\J^ext^ I ~] of the inverse image of the universal cohomology class in (11) is 
well-defined. 

It is convenient to consider the characteristic number as the value 
of a homomorphism i/„_2fc(^; Z/2) ^ Z/2 on the cycle AJiV^^^^V H ^ 
i7„_2fc(X; Z/2). This homomorphism is the result of the calculation of the 
characteristic class W2(l6) G H'^{K{lb, l);Z/2) on the prescribed cycle, i.e. on 
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the image of the fundamental cycle [N'^xt^^ I ~] with respect to the mapping 
N^-t'V r^^X^ K{I,, 1). The cycle X^W^-,'^/ E H^.2k{X;Z/2) is the 
modulo 2 reduction of an integral homology class. Therefore this cycle is given 
by a sum of fundamental classes of the product of the two odd-dimensional 
projective spaces, the sum of the dimensions of this spaces being equal to 
n-2k. 

Let us consider an arbitrary submanifold S'^'^/i x MP'^^ (z X, ki + k2 — 
f + 31, /ca being odd. Let us consider the cover W''^ xlP*^^ _^ S'^^/ixW''^ 

and the composition KP'^i x MP'^^ c X R" after an £i-small generic 
perturbation. Let us denote this mapping by Sfci,fc2- 

The self-intersection manifold of the generic mapping Sfc^^^j : MP'^^ x 
MP'^^ ^ is a manifold with boundary denoted by A^^ j^.^ . The mapping 

piaXKa-. (A|?,,„ dN;:J^) ^ (ir(Z/4, 1) x K{Z/2, 1), K{Z/2, 1) x ir(Z/2, 1)) 

is well-defined. The 61-dimensional homology fundamental class [dA] is 
integral, therefore the image of this fundamental class {^a x '*a)*([t^A|^ ^.^j) e 
Hqi{K{Zi/4:, 1) X K{Z/2, l);Z/2) is trivial for a dimensional reason. 
Therefore the homology class 

He2(K(Z/A, 1) X K(Z/2, 1), K{Z/2, 1) x K(Z/2, 1); Z/2) 
is well-defined. Let us consider the (permanent) homology class 

il^a X Ka)l{[All,^]) e H,2{K{Z/2, 1) X i^(Z/2, 1); Z/2), (12) 

defined from the relative class above by the transfer homomorphism. 

To prove (10) it is sufficient to prove that the class (12) coincides with 
the characteristic class 

P*,6 77*([A]) e^62(i^(l6,i);Z/2) 

under the following isomorphism of the target group I;, = Z/2 ©Z/2. By this 
isomorphism the prescribed generators in (Z/2 © Z/2; Z/2) are identified 
with the cohomology classes Ti, T2 G H^{K{li„ 1); Z/2) (compare with Lemma 
8 in [Al]). Theorem 2 is proved. 

6 Kervaire Invariant One Problem 

In this section we will prove the following theorem. 
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Main Theorem 

There exists an integer Iq such that for an arbitrary integer I > Iq, n = 2'' — 2 
the Kervaire invariant given by the formula (1) is trivial. 



Proof of Main Theorem 

Take the integer k from the equation n — 4k = 62. Consider the diagram (5). 
By the Retraction Theorem [A2], Section 8 there exists an integer Iq such 
that for an arbitrary integer / > /q an arbitrary element [(/, S, k)] in the 
2-component of the cobordism group Imm^^ {^^^^, admits a retraction 
of order 62. By Theorem 2 in the cobordism class S, n)] there exists a 
D4-framed immersion [g^'^^rj) with an 14-structure. 

Take the self-intersection manifold L^^ of g and let C L^^ be the 
submanifold dual to the cohomology class t^fl^l^irY'^ e if^^(L^^; Z/2). By 
a straightforward calculation the restriction of the normal bundle of L^^ to 
the submanifold Lq° C L^^ is trivial and the normal bundle of Lq° is the 
Whitney sum 12Ka © 12yUa, where Ha is the line Z/2-bundle, /la is the plane 
Z/4-bundle with the characteristic classes Kq, jJia^^ij) described in the formula 
(8). By Lemma 6.1 (in the proof of this lemma we have to assume that the 
normal bundle of the manifold Lq° is as above) and by Lemma 7.1 [A2] the 
characteristic class (8) is trivial. The Main Theorem is proved. 
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